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1 Introduction

In this talk we will discuss statistical properties of integrable wave systems. To
make the formulation of the problem clear, we start with the focusing Nonlinear
Schrodinger equation:

i, + U + VP =0, oo<x< o0 (1.1)

Equation (1.1) is well studied in two cases:

1. |¥| — 0, T — 00
In this case the classical Inverse Scattering Method is applicable.

2. W is a quasiperiodic function and the corresponding Lax operator L has
only finite number of lacunaes. In this case the solution is formulated in terms of
Riemann functions on a certain hyperelliptic algebraic curve.

The connection between these two approaches is not properly traced so far. Let
us go outside these two frameworks and assume that in the initial moment of time
t = 0, function ¥ = Wy(x) is a representative of a certain spatially homogeneous
random field such that the correlation function

< Wy(a) TN+ €) > = F(€) (12)

do exist. It means that we define a certain probabilistic measure on the class
of bounded smooth complex functions W(z). If such measure is fixed, it does not
depend on time. For a generic choice of measure, function F'(§) will change in
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time, ”adjusting” itself to a given measure. But we can try to choose the measure
by such a special way, that F(£) is invariant in time, and for any value of ¢ get

dF

< U, ) W@+ >=FE), =0 (1.3)

Such measure is called invariant. Can we do this and how?
Let us reformulate the question in terms of Fourier transforms. Let

W, t)= [ W(k,t)e" " dk (1.4)
For any homogeneous random field

< Wk, 1) W (K, ) >= N(k, 1) 6(k — ¥) (1.5)

In the initial moment of time

< Wy(k) \Ilg(k’) >= Ny(k)d(k — k’) (1.6)
Let us note that

F(&)= [ N(k)e'** dk

Brackets in (1.3)-(1.5) mean averaging over the measure. Can we choose it
such that N(k,t) = Ny(k)? To approach to the solution of this problem, first we
consider the linearized Schrodinger equation

W+, =0 (1.7)



In this case, existence of invariant measure for any F'(£) is an obvious fact.
This measure is Gaussian. It means that all higher correlation functions can be
expressed through a special density N (k). For any homogeneous random field

< () U (k) W (k) Uy) > —
= Ni Niy (0k—ky Oky—kg + Ok—ky Oky—ky) + Likykigks Ok-rhy—ko—ks (1.8)

Here Ipp gk, is a cumulant. For a Gaussian field the cumulant is zero. It is
clear that for Nonlinear Schrodinger equation the invariant measure must be non-
Gaussian. Can we construct the cumulant in the forth-order correlation function
(1.7) and all higher order cumulants as series in power of N;? The answer is
positive. In the first order of nonlinearity

- R(kkykoks)
N
Rikikoks = Niy Niy Nig + Ni Nipy Ny — Nj Niy N, — Nj Ni,, N,
= K4k — k) — k3 (1.9)

Aty koks
The denominator in (1.9) is zero if

k+ky, ki=ks or k=ks, ki =k (1.10)

However, the nominator on the manifold is zero also. It is announced that this

process can be confirmed to infinity. All cumulants could be found: all of them are
finite and real as (1.9).



Certainly, this is a consequence of integrability of the NSLE. The same statement
is correct for all equations of focusing and defocusing NSLE hierarchy, as well as
for equations that belong to the KdV hierarchy. However, for three-wave resonant
system this nice and elegant statement fails! In a sense it behaves like a non-
integrable system.

In non-integrable weakly nonlinear systems, the spectral function N(k,t) de-
pends on time obeying the kinetic equation

dN
— = 5Snl 1.11

and all invariant measures are generated by stationary spectra, which are solu-
tions of equation

Snl =0 (1.12)

The same might happen with an integrable system. As a result, the integrable
systems are separated in two essentially different classes: strongly and weakly
integrable.

The strongly integrable systems are similar to NLSE. They have infinite amount
of invariant measures preserving all arbitrary spectral functions. All collision terms
in the wave kinetic equations are cancelled in any order. Moreover, they have one
more fundamental property.

Let us study equation (1.1) in the class of fast decaying functions and tend time
to £00. The Fourier transform will tend to some limiting values

(k) — U* (k)
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It is easy to prove that
U (B)) = [0 (k) (1.13)

A similar statement is correct for all strongly integrable systems.

All other systems are weakly integrable. The simplest example is a three-wave
resonant system. In this case scattering is nontrivial and asymptotic squared am-
plitudes of the fields do not coincide. The three-wave kinetic equation is nontrivial.
The system still has infinite amount of invariant measures, but they are parame-
terized by functions of only one variable.

The difference between strongly and weakly integrable systems is pretty delicate.
For instance, KP-2 equation is a strongly integrable system, while KP-1 equation
is only weakly integrable. Thereafter we demonstrate difference between weakly
and strongly integrable systems on some basic examples.



2 Statistical description of weakly nonlinear systems

We will discuss the weakly nonlinear wave systems homogenous in space. There is a
standard way to develop statistical description of such systems that leads to kinetic
equation for waves. First, we start from the following question: what happens with
kinetic equation, if the primitive dynamic equations are in some sense " integrable”?
Let us study the following dynamic equation:

o(k) _ . oH

o S 1,..N (2.1)

Here H is a Hamiltonian and k belongs to K-space, which is different for different
systems. The dimension of this space d = 1,2. We can consider several examples.

H = Hy+H N=1 (2.2)
Hy = [w(k)|Vi|*dk

1 k *
Hy = 5 / Trkrkoks Ve Ve, Wiy Wy Okctky kot ks @K dkiy dbg dkis

In this case equation (2.1) reads:

ov . . .
oy~ iwlk) U+ [ Tty ks Ui Wy Wiy Oy —ko iy A dkiy dko dbs— (2.3)
Term T} 1, ky 15 satisfies symmetry conditions

Thcky, koks = Thyke, koks = Thky, kgks = Thphy, iy (2.4)
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and k is either the whole real axis —oo < k < oo or is k = (p, ¢) that represents
a real plane
—00 < p < 00 — 00 < ¢ < 00.

For d=1 equation (2.1) is integrable, if

H=HY+qH?

Here a is an arbitrary constant.

Then:
w,i,l) = | w,(f) = k3
1
Tkgk)l koks — &
(2) 30&
Ty ko ks = 4(/€ + k1 + ko + k3)
Thus:

(87
HY = [E|V 2 dk + 5 [V Wk, Wy Wiy Oty —hy kg A dky dky dis

3
H? = /kg‘qfk‘Qdk-l—f/(lﬂ—l—]ﬁ—l—kz—Fkg) \PZ\PZI \I/k2 \Ifk?) X

X5k+k1—k2—k3 dk d/ﬁ de dkg (2.5)
For equation (2.1):
wk) =k +ak’ (2.6)
3
T(k ki ko k) = a |1+ f(k bk Eo o+ Ey) (2.7)
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After Fourier transformation, it takes form:

ov

ot —i Wop + a Vo — i | V[T 4+ 3a 0|V T, (2.8)

If a =0 and a = —1, this is a focusing Nonlinear Schrodinger equation. If
a =0 and a = 1, this is a defocusing Nonlinear Schrodinger equation.

For d = 2 equation (2.3) is integrable if k = (p, q), w(k) = p* — ¢*, and

_ 2 _ _ 2 _ 2 . 2

Tl oy oy og) = & {(pl LY etV R ) e (1 Q3)2} 29)
4 (pr—p2)*+ (@ —q)*  (p1—p3)*+ (@ —gs)

The coupling coefficient T' is not yet properly symmetrized. Actually, it can be

replaced by

1
Tty hoky — 7 T'(kky, koks) + T(kik, ko, k3))

After the Fourier transformation, equation (2.3) becomes the Davey-Stewarson
equation

ov ( » P

= i|— v v 2.1
5 0 (‘33}2+8y2) +alU (2.10)

0* 0 0* 0 5
((9372 " 8y2) U= (83:’2 ; 8y2> o

Here « is an arbitrary constant. One can put a« = +£1.
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H=H+H, N=1 (2.11)
Hy = [w(k)| V| dk
Hy = [ Viggry (WiWr Up, + W05 U5)) 0(k — ki — ky) dk dky dk

Equation (2.1) now reads:

ov . .
YFk = TW \Ijk + 1 / {kale\Ijk \Iij 5/{:—/€1—H€2—|—

ot
+ 2Vigk by Wiy Uk, Oy | by dlio (2.12)

Integrable versions of equation (2.13) are well known in d = 1. In this case
k=mp, 0<p<ooand

Nyt = (pp1p2)"? (2.13)
For w(k) one can choose:
w(p) = p° KdV equation
w(p) = p? Benjamen-Ono equation
w(p) = p* coth pa Intermediate wave equation

If d =2, the K-space should be half-plane: p > 0, —00 < ¢ < 00. Again,
we have to assume that Vi, is given by equation (2.14). As for w(k), it can be
chosen by two essentially different ways:

3q°

1. w(p,q)=p"+ o (2.14)
3q°

2. wipq)=p’—— (2.15)



By transformation

U= /OOO dp /_OZO dq+/p (qu,q + \I/fz%_q) ! Pr+ay) qp dg

equation (2.13) can be derived to the KP-equation:

5o\ T 98 T Vg, = %52 (= =1) (2.16)

0 (Ou Ou ou 0%u
Oy?
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3.
Let N = 3 and Hamiltonian H is:

H = H, —|-H3
Hy = Y [wik) |Vi(k)|* dk
Hs = [ Vityis \If]k(kl) U (ko) W(ks) 4+ Wy(k1) U (ko) V¥ (k3)] Opy—ky—is dk1 dko dks
(2.17)
Equation (2.1) turns now to:
ov . .
(%1 = dwi(k)V1 + 1 [ Vigywy V(K1) W(ko) Oppy—ky dhy dis
ov , : .
(%2 = iws(k) W+ [ Viy sy U1 (K1) U5 (Ks) Opsny 1, dhir dhy
ov , : %
(‘%3 = dw3(k)Us + i [ Vi ko Vi(kr) U3(K) Oppyiny dby ds (2.18)

Equations (2.19) are known as three-wave equations. They are integrable in
dimensions d = 1,2 if Vi, = V = const and w;(k) are linear functions. Without
loosing of generality, one can assume:

wi(k) =0 wy(k)=(Ak) wy(k)=(Bk)
Here %T, B are two-dimensional vectors. If they are not collinear, one can make
the change of variables and put
wy(u) =p ws(u) =q

If A, B are collinear, properties of three-wave system depend on the sign of (AB).
If (AB) = —1, we can put we = p, w3 = —p. If (AB) = 1, we can put wy =
ap, wz =p/a, a# 1. The case a = 1 is degenerative, and the three-wave system
can be solved without use of Inverse Scattering Transform.
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3 Derivation of kinetic equation

Equation (2.17) is the KP-1 equation if a = 1, and is KP-2 equation if o = —1.
Since this moment we assume that u(z,y,t) at any given t is a representative of
homogeneous random field and < u? >= I1(t) # 0. It means that ¥(p,q) is a
generalized function, such that

< (k) U (K) > = N(k) 0p_p (3.1)

< \If(]ﬁ) \If*(/fg) \p*(kg) >= ](]{71, ]€2, 1{33) 5k31—k2—k3 (32)

As for the fourth-order correlations, we will assume

< \IJ(k) \If*(kl) \I/*(]{TQ) ‘If*(kg,) > = 0
< (k) W(ky) (k) U™ (K3) > = N(K) N(k1) [0k—ks Ok, ks + Ok Oty —ks)
(3.3)

Truncation (3.3) makes possible to construct a closed system of equations for
Nk, ]kklk;g- They are:

aa]\t[k = 2 / Vikiko L0 Ih ey ky Okt —ky ARy dkig —
—4 [ Vi by T I, oy Oy 1y Ay des (3.4)
;[kkl ky = H(wWr — Wiy — Wiy) Ty by +
120 Vi, 1y (Niy Niy — N Ny, — Ny Ny, (3.5)
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Equation (3.5) is linear and inhomogeneous. If we assume that

Likikolio = Dy, N (K)o = No(k),
then

. o .
Ik‘k‘lkz = QZkale/O €ZA’“"~'1’€2< t) Rkkle(T) dr + ]]gkle
Rikiky = Niy Niy — Ni Ny, — Ni N,

Aptky = Wk — Wk — Why (3.6)

Let t — oo. Then everything depends on the following fundamental question:
can we find a real solution of equations

Akkle = Wk — Wiy — Wky = 0, ]g = ]C_i + ]f_; ? (37)

One can see that for KP-2, where wy = p* — 3¢ /p, this is impossible.
Then, if £t — oo, Nj tends to some asymptotic value

N — Noo(k),
where
Py 2 Vi [N (k) N(hs) = N(6) N™(hy) = N*(k) N¥(hs)] o
kky ko w(k) —w(ky) — w(ks) |

Notice, that I} ;, is real. As for N*°(k), we can make a conjecture that by a
proper choice of Ny(k), function N°°(k) can become an arbitrary positive function
on k.
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4 Kinetic equation for KP-1 equation

The small amplitude waves in KP-1 equation are described by the standard 3-wave
kinetic equation:

ON
(%k = 4w {/ L Ry Ouy—cop, —wpy (Niy Ny — NieNi, — NNy, )dky dky+

+ 2 /!Vkl,k, kol Ok ey Ouy—wy, +wpy (Nk-1Ngy — NpNpg, + NpNp,) d/ﬁdkz} =
= Snl (4.1)

However, this equation has some peculiar features that makes it completely
different from similar equations in genetic nonintegrable systems. To trace these
peculiarities, we should notice that the dispersion relation

3q°
w(p,q) = P+ ?

can be presented in the following parametric form:

p=&—n n<¢
= &7 (4.2)
w = 4 =7’

In variables &, n the resonant conditions

)

k = ki + ky

Wi = Wiy + Wiy
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have the following form:

S —m+&—m =867
G—mi+&—m =& -0 (4.3)
E—-m+&—mn =& —n

Equations (4.3) have nontrivial solutions:

51:772 5225 m =
S=m &=n m=n (4.4)

In these variables equation (4.1) reads:

O N(Em) = Snl =
5 U €= N =) IN(EN N(An) = N(Em) N(EX) = N(&m) N )] drt
+ [ =M€=V INEN) N, A) + N(E ) N(E A) = N(Em) N ) +

+ A=A =& INE N(A,n) + N(&n) N(A,n) — N

Ak
)
~—r
b=
>
m
—
S
>
——

(4.5
Equation (4.5) has infinite number of motion constants I,
o =00 L= [ dE [ (€ = n")(E = n) N(&,m) dn (4.6)
Stationary equation
Snl =0 (4.7)

has infinite amount of exact solutions.
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One can check that the function

N(&n) =

GENC) (48)

where T' is a constant, satisfies equation (4.7). Solution (4.8) has a clear physical
meaning: KP-1 equation is a member of a certain hierarchy of integrable equations.
The linear part of each equation is:

oV .
atk:zw(/{)\lfk—i----

Dispersion law w(k) = w(p, ¢) can be presented in parametric form as follow:

p=£~&—m
g =&-n (4.9)
fp,q) = f(&)— f(n)

Solution (4.9) is the Rayley-Jeans solution corresponding to the dispersion rela-
tion (4.10). It has singularity on the diagonal & = n; on this diagonal p = 0, ¢ = 0.
This solution has no other singularities if f(£) is a monotonically growing function
on the axis —oo < & < oo, and represents a thermodynamic-type solution. As
a rule, kinetic equation for waves has also Kolmogorov-type solutions, describing
redistribution of energy along the spectrum. Solutions of this type for equation
(4.6) are not found yet,

Higher members of the KP-1 hierarchy also have reasonable three-wave kinetic
equations. They have the same set of motion constant (4.6) and the same exact
solutions (4.9) as equation (4.5).
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Three-wave system (2.17) in the generic integrable case
w; =0 Wy =P w3 = ¢q V=1

also admits the statistical description in terms of kinetic equation. Assuming
that

< (k) U (k') >= Ni(k) 6(k — k),

after some calculation we will end up with the following system of equations:

ONi(k)
ot
A [ {No(ky) N3(ks) — Ni(k) No(k1) — Ni(k) N3(k2)} Oppy—i,0 (01 + q2)dkrdks
ONo(k)
o
47T/{N1(/€1) Ns(ka) — No(k1) Ni(k1) — Na(k1) N3(k2)} Ok—p,—k,0(p — q2)dk1ds
ON3(k)
o
47T/{N1(]€1) NQ(kQ) — Ng(k) Nl(kl) — Ng(]f) NQ(]{Q)} 5k—k1—k25(q — p1>dk1dl€2

(4.10)

As equation (4.5), equations (4.10) have infinite amount of exact thermodynamic

solutions. In a given presentation we don’t have enough time to discuss these
solutions in details.

18



5 Absence of higher-order kinetic equations

In the previous chapter we have seen that the statistical properties of some in-
tegrable systems (KP-1, 3-wave equation) can be described by three-wave kinetic
equation. If for some reason three-wave resonances are forbidden and we will try
to construct high-order kinetic equation, we will inevitably fail. Again, let us start
with examples.

Let us consider equation (2.2). Using a procedure, similar to described in Chap-
ter 3, we easily can construct a closed system of equations for N and a forth-order
cumulant, which can be defined as follow:

Im < Wy W, Wiy Wiy > = Tiy by kg by Okiy+hiy—hg—Fy (5.1)

Equation for Iy, i, 1%, can be resolved by a standard way, and we will end up
with a standard kinetic equation:

ON (k
8i) =47 [ Tty ksl Ok + Kt — ky — ki) 0w + wip, — wiy — wiy) X

(Nk1 N/{;Q Nk3 + N Nk2 Nk3 — N, Nkl Nk2 — N, Nkl ng) dkq dks dks =
= Snl (5.2)

Let us try to construct the kinetic equation for generalized NSLE (2.8). In this
case
W = k> +a k3
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The resonant manifold

Wk + Wk—1 = Wky + Wi, k+ ki = ky+ ks (53)
can be reduced to one algebraic equation. Assuming that
k:P+p, klzp—p, kQZP—I—q, k?g:P—q (54)
we find that (5.3) is equivalent to equation
(p* —¢*)(1+3aP)=0. (5.5)
For the case ¢ = £p, we have trivial resonances:

q=p: keo=k ki=ks q=-p: ks=k, ki =k (5.6)

Obviously, for them Snl = 0. Nontrivial inelastic resonances take place if
1+ 3a P =0. However, by plugging (5.4) into (2.7) we find that

T(k, ]{?1, ]€2, /Cg) :Ck(l+3CLP) =0

A similar situation takes place for the Davey-Stewardson equation (2.10). Now

wip, q)=p" — ¢
and the resonant manifold

w(p, q) +w(pr, q1) = w(p2, @) +w(ps, ¢3)
p+p1 = p2+p3
+q@ = @+ (5.7)
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can be reduced to one equation, if we put

p:P+€17 plzp_fla p2:P+€27 p3:P_§2
¢=Q+m, a=Q—m, @©=Q+mn, ¢=Q—1n (5.8)

By plugging (5.8) into (5.7), we derive the equation

G+&—m—m=0 (5.9)

Plugging (5.8) to (2.9), we find that

Tk gy ~ (& +& — 17 —103)° =0

In this case trivial resonances are not separated from nontrivial. They form a
connected manifold, where T'(kkykoks) ~ 0.

As we know, for KP-2 equation the three-wave resonances are forbidden. Of
course, four-wave resonances are allowed. One can perform a canonical transfor-
mation, excluding cubic nonlinearity in the Hamiltonian. The four-wave resonances
are described by equation

q+q = G2+q3 (5.10)
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The expression for effective four-wave coupling coefficient T'(kk1, koks) is pretty

complicated. It can be found in the article [|. Nevertheless, in the same article was
directly demonstrated that T'(kkjkoks) ~ 0 on the manifold (5.10).

For higher order processes the situation is as bad as for four-wave interaction.
In article [] was demonstrated that the amplitude of six-order processes on the
resonant manifold is identically zero. For both KdV and Benjamin-Ono equations,
the first nontrivial process is five-wave interaction. It is easy to prove that this
amplitude is identically zero. This result will be published soon.
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6 Turbulence in strong integrable systems

Let us return to NSLE and treat it as a typical representative of strongly inte-
grable system. We propose that this equation has infinite number of statistically

stationary states parameterized by an arbitrary positive function of one variable
N(k). The condition

AN
— =0
dt

makes possible, at least in principle, to find all higher order correlation functions
and reconstruct the invariant measure in the functional space. The stationary state
is spatially uniform. It means that one can introduce a set of constants:

L /2

_ : 2
L= i Ly [V de
, L /12 o 1,4
I, = Lh—{%o L/—L/Q{’qjx‘ —4’\11‘ }d:l?

Iy = ... (6.1)

These constants are densities of commuting motion integrals. Existence of in-
variant spectrum N (k) presumes existence of invariant measure. One can guess
that this measure is nothing but the Gibb’s measure:

1 0
plv] = e K (6.2)

Here u; are ”chemical potentials”, corresponding to given motion constants, and
2 is the statistical sum given by functional integral
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z = /6_ =il (1) AU (2) (6.3)
Each stationary state is characterized by the probability distribution function

p(&) =p(IUP), [T p(&)d¢ (6.4)

One can guess that any stationary state is completely defined by the set of
constants Iy, I, .... As far as NLSE is the scale invariant equation, one can put
without violation of generality that I; = 1. Then the basic physical properties of
the stationary state are defined in large degree by the value of Iy. If Iy — oo, this
is a state close to superposition of weakly interacting, almost linear waves. On the
contrary, if Iy — —o0, this state is the solitonic gas superposition of well separated
weakly interacting solitons. The both cases can be studied efficiently but they need
completely different treatment. In spite of illusory simplicity of this theory, some
important questions are not yet answered.

The most important one is the question about modulational instability. One of
the stationary states in the Bose-condensate

In the defocusing NLSE the condensate is stable, but in the focusing case it
is unstable. Development of this instability generates something intermediate be-
tween weak turbulence and solitonic gas. The theory of condensate instability is
pure dynamical and simple.
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Much more difficult is the question of stability of ”broaden” condensate

Ly

N(k) = - m (6.5)

Again we assume that < N (k) >= 1. One can study stability of this distribution

in framework of the mean-field approximation. This approximation can be used
for study of long-scale perturbations with a characteristic wave number much less
than . In spite of the fact that the homogeneous kinetic equation does not exist,
the inhomogeneous kinetic equation makes sense. If we suppose that N is also a
function of "slow” variables x, t, we can write the following ” Vlasov-type” equation

8N+k8N B ON On B
ot ox ok Oxr

0, n=-/__N(k)dk (6.6)
Now one can assume
N = N(k)+ 8§ Ne witioe

and end up with characteristic equation

PV k=1 (6.7)
Here s = w/p.

By plugging (6.5) to (6.7) and calculating the integral, one finds easily

s=—i(y—1) (6.8)
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In other words, distribution is stable if v > 1, and unstable if v < 1. This
consideration is nice but has a weak point. According to (6.8)

w=—i(y—1)p (6.9)
Thus, Imw — o0 as p — o0.
It is clear that in reality

Imw = ~(1—)p+qp’+--

g > 0 is some positive constant depending on . Determination of this constant
is a question of theoretical and practical importance. Apparently it cannot be done
in framework of the mean-field approximation.

The second fundamental question is the intermittency or structure of higher
momentum

L(y) = [9(z +y) — U(z)[*"
This question is interesting when
I <0, |l >>1

In this case the stationary case is a solitonic gas defined by the distribution
function on soliton amplitudes. The higher moments, as far as the PDF (6.4)
should be directly expressed in terms of distribution function for solitons. Theory
of solitonic gas is a very interesting subject deserving a special consideration.
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