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We consider the evolutionary systems

O = FI(@, 00 Pxxr---) = F@, 051, @, ..) (1)

i=1,....,n,¢=/(¢...,0"), with d spatial dimensions, and their
m-phase solutions which are usually written in the form

Yi(x,t) = & (kl(U)xl F o+ kg(U)x? + w(U)t + 6o, u) (2)
with some 27-periodic in each 8% functions
' (6,U) = o' (61,...,0™ U)

The functions kq(U) = (k}(U), ..., k["(U)) play here the role of the
“wave numbers” and w(U) = (w!(U),...,w™(U)) represent the
“frequencies” of the m-phase solutions. The parameters 0y represent the
“initial phase shifts”, which can take arbitrary values on the family of the
m-phase solutions.
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Here everywhere we will define a quasiperiodic function f(x) with the fixed
wave numbers (ki,...,kq) as a function f(x) on RY coming from a
smooth periodic function (@) on the torus T™:

Fkix! + -+ kgx? +860) —  f(xb,...,x9)

under the corresponding mapping RY — T™.

Let us call a smooth family of m-phase solutions of (1) any family (2) with
a smooth dependence of the functions ®(0,U) on some finite number of
parameters U = (U%, ..., UN).

The functions ®(0, U) are then defined by the system

WO — F (@, T SR T ) —0 (3)

(summation over repeated indexes).
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As it is well known, in the Whitham approach the parameters (U, ..., UN)
become “slow” functions of coordinates and time. More precisely, we have
to make the coordinate change x9 — X9 =ex9,t - T =¢€t, ¢ - 0 and
introduce the slow functions S*(X, T), « = 1,..., m. We try to construct
then the asymptotic solutions of the system

eapiT = F (cp, €OX, E2PXX, ) (4)
with the main term having the form

; i (S(X, T ’
90(0) = ¢ <(6)+90(X7T)+07 U(X7T)) ) I:]‘""’nl

(5)
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Substituting the functions from A it is easy to get the relations
5§ = w*(U) , Sg = K(U)

in the zero approximation, which gives the compatibility conditions

kg = wXa s kgxe = kpxa (6)
for the parameters (ki,...,ky, w) on the family A.
The second part of restrictions on the parameters (U, ..., UV) in the

Whitham method is given by the requirement of the existence of the first
correction ¢ (1) to solution (5)

&= gy + edhy <(6) 4 06(X, T) + 6, X, T)
on the space of 27-periodic in @ functions.
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The functions ¢(1)(0, X, T) are defined by the linear system

Lux, 1), 00,7 (1) (0, X, T) = £1(6,X,T)

where Z[U(X’T),go(xj)] is the linear operator given by the linearization of
the left-hand part of system (3) on the corresponding functions from A
and f1(0, X, T) is the first e-discrepancy defined after the substitution of
(5) in (4).

The operator Z[U(X7T)790(X7T)] represents a differential in @ operator with
periodic coefficients at every fixed X and T. We get then that the second
part of the Whitham system should be given by the orthogonality of the
function f1(0, X, T) to all the left eigen-vectors of L (the eigen-vectors of

the adjoint operator) corresponding to the zero eigen-values at every fixed
(X, 7).
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We should say, however, that the orthogonality of f1(6, X, T) to all the
left eigen-vectors of L with zero eigen-values is imposed usually just in the
one-phase situation. In this case we have usually just a finite number of
such eigen-vectors depending regularly on the parameters (U%,..., UN).
The corresponding orthogonality conditions together with conditions (6)
give then a regular system of hydrodynamic type which represents the
Whitham system in the one-phase situation. Another important thing
taking place in the one-phase situation is the possibility of constructing of
all the corrections ¢, in all orders of € and representing the asymptotic
solution as a regular series in integer powers of e.
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This situation, however, does not usually takes place in the multi-phase
case where the behavior of the eigen-vectors of L is usually much more
complicated. Thus, the kernels of the operators [ and Lt depend usually in
highly nontrivial way on the parameters U, being finite- or
infinite-dimensional for different values of (U, ..., UN). In this situation
it is natural to define the “regular” orthogonality conditions just by the
requirement of orthogonality of f; to the “regular” set of the kernel
vectors of LT which is usually finite also in the multi-phase case. Thus, we
assume here that the kernels of the operators L and L contain just a finite
number of linearly independent “regular” eigen-vectors, i.e. the
eigen-vectors smoothly depending on the parameters U. The “regular”
Whitham system is defined in this situation by conditions (6) and the
orthogonality of the discrepancy f1(6, X, T) to all the regular left
eigen-vectors of L corresponding to the zero eigen-value.
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Let us say that the first correction (1) to the asymptotic solution (5) can
not be found here in such a simple form as in the one-phase situation.
However, as the investigations of this situation show, the corrections to
the main approximation ¢(q) still vanish as € — 0 even in the multi-phase
case. So, despite the high non-triviality of the next approximation in this
case, the regular Whitham system still plays very important role in
consideration of slow-modulated m-phase solutions.

It is not difficult to see that the Whitham system imposes restrictions just
on the functions U(X, T) and does not contain the parameters 8y(X, T).
Indeed, the functions 8y(X, T) can be considered just as e-corrections to
the functions S(X, T), so the constraints arising on the first step include
just the main terms S(X, T), while the restrictions on 6¢(X, T) arise in
the higher approximations (if they exist).
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For the correct construction of the modulated solutions and a good
definition of the Whitham system we have to require in fact one more
thing from the family A. Namely, the correct procedure of constructing of
modulated solutions can be implemented on the “complete regular
families” A of m-phase solutions of (1). Let us give here the corresponding
definition. Let us consider the set of parameters U in the form

U=(ki,... kg, w,nt ..., n%
It is easy to see then that the vectors
E)u,0] = Ppa(@+60,U), a=1....m,
N, 00 = Pa(@+60,U), [=1,..s,

represent regular (right) eigen-vectors of the operators Z[U790]
corresponding to the zero eigen-value.
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Definition 1.1.
We call a family N a complete regular family of m-phase solutions of (1):
1) The values k, = (k},... k), w = (w',...,w™), represent

independent parameters on the family A\, such that the total set of
parameters of the m-phase solutions can be represented in the form

(U, 60) = (ki,...,kq, w, n',... 0% 6))

2) The vectors &()[u,00) and M(1)[u, 6,] are linearly independent and give
the maximal linearly independent set among the kernel vectors of Z[U’go]
smoothly depending on all the parameters U on the whole set of
parameters;

3) The operator Z[U790] has exactly m + s linearly independent left
eigen-vectors with the zero eigen-value

[U](0+00) = E;’l) kd’w’n](0+90), g=1,....m+s

among the vectors smoothly depending on the parameters U on the whole

set of parameters.
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By definition we will call the regular Whitham system for a complete
regular family of m-phase solutions of (1) the conditions of orthogonality

of the discrepancy f;1)(6, X, T) to the functions mfﬁ)(xj)](e + 60(X, 7))

27 27 (q) ) dmp
/ / Fup (0 00X, T)) fy (6. X, T) o5 = 0 (1)

=1, ..., m+s) with the compatibility conditions
pT = Wie (8)

px! = kixe (9)

a=1,....m, p,Lk=1,...,d,
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For our further purposes it will be convenient to separate the evolutionary
part of the Whitham system and purely spatial constraints. So, let us call
here relations (7) - (8) the evolutionary part of a regular Whitham system
for a complete regular family A, while relations (9) will be considered as
additional constraints for the evolutionary system (7) - (8). It is easy to
see that the constraints (9) are conserved by the evolutionary system (7) -
(8) being imposed at the initial time.

The evolutionary part of a regular Whitham system provides exactly

m(d + 1) + s independent relations for N = m(d + 1) + s parameters
U= (ki,...,kq, w, n) at every X and T. In generic case the derivatives
U7 can be expressed in terms of Uy, from system (7) - (8) and the
evolutionary part of a regular Whitham system can be written in the form

Uy = Vv/(U) U, (10)

(v,p=1,....N, I=1,....,d).
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The Hamiltonian theory of systems (10) was started by B.A. Dubrovin and
S.P. Novikov who introduced the concept of the Poisson bracket of
Hydrodynamic Type. The local Poisson brackets of Hydrodynamic Type
(Dubrovin - Novikov brackets) can be represented by the following general
form

{UY(X), U(Y)} = g (U(X)) 5xi(X=Y) + b5 (U(X)) U}, 5(sz§
11

(summation over repeated indexes).
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The theory of brackets (11) is best developed in the case of one spatial

(d = 1) dimension. Thus, expression (11) with non-degenerate tensor g“*
defines a Poisson bracket for d = 1 if and only if the tensor g"#(U)
represents a flat pseudo-Riemannian (contravariant) metric on the space of
parameters U, while the functions '}, (U) = — g\ (U) b (U)

(8"*(U) g\u(U) = 6%) represent the corresponding Christoffel symbols.
As a corollary, every Dubrovin - Novikov bracket in one-dimensional case
can be written in the canonical (constant) form

{c’(X),c"(Y)} = """ (X-Y), & =+1

after the transition to the flat coordinates ¢ = c¢”(U) for the metric
guu(U).
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The functionals

N

+00 +o0
cv :/ c’(X)dX , P :/ %Ze”(cVV(X) dX
r=1

—0o0 —00

represent the annihilators and the momentum functional of the bracket
(11) for d = 1 respectively. The systems of Hydrodynamic Type are
generated by the functionals of Hydrodynamic Type

H = /_:O h(U) dX

according to the Dubrovin - Novikov bracket.
Let us say, that the theory of the Dubrovin - Novikov brackets in the
multi-dimensional case is more complicated than in the case d = 1.
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The Hamiltonian approach plays very important role in the theory of
integrability of the Hydrodynamic Type systems in the case of one spatial
dimension. Thus, according to conjecture of S.P. Novikov, all the systems
of Hydrodynamic Type which can be written in the diagonal form

Uy o= V(U)LY

and are Hamiltonian with respect to some local bracket of Hydrodynamic
Type are integrable. The Novikov conjecture was proved by S.P. Tsarev
who suggested a method of integration of these systems. In fact, the
method of Tsarev is applicable to a wider class of diagonalizable systems
of hydrodynamic type which was called by Tsarev “semi-Hamiltonian”. As
it turned out later, the class of “semi-Hamiltonian systems” contains also
the systems Hamiltonian with respect to generalizations of the Dubrovin -
Novikov bracket - the weakly nonlocal Mokhov - Ferapontov bracket and
the Ferapontov brackets.
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The Hamiltonian formulation of the Whitham method was also suggested
by B.A. Dubrovin and S.P. Novikov who introduced the procedure of the
“averaging” of Hamiltonian structures in the theory of slow modulations.
This approach is connected with the Whitham method for the evolutionary
systems

o = Fi(p,px...)

having a local field-theoretic Poisson structure

{0 PN} = Y Blyprs ) 69 (x—y)

k>0

with the local Hamiltonian of the form

H = /PH(go,LpX,...)dx
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The procedure of the averaging of local field-theoretic Poisson brackets
was first developed in the case of one spatial dimension and gives a local
Poisson structure of Hydrodynamic Type for the corresponding Whitham
system. The method of B.A. Dubrovin and S.P. Novikov is connected with
the conservative form of the Whitham system and is based on the
existence of N (equal to the number of parameters U” of the family A)
local integrals

v = /P”(cp,cpx,...)dx

which commute with the Hamiltonian H and with each other
{I"H}=0 , {I",1"}=0

We have then

P, 0x,--.) = QL(p,Px,---)

for some functions Q" (¢, @x, - - . ), while the calculation of the pairwise
Poisson brackets of the densities P” gives

{P"(x) = Y AP o) 8P (x — y)
k>0
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The Dubrovin - Novikov bracket on the space of functions U(X), where
U” = (P"), is defined by the formula

Q™)

(U, U} = (A"U) F(X=Y) + “

Uy 6(X-Y) (12)
The Whitham system is written now in the form
(Pt = (@)% , v=1,...,N

and can be proved to be Hamiltonian with respect to the Dubrovin -
Novikov bracket (12) with the Hamiltonian

Ha, = /+OO<PH> (U(X)) dX

—0o0

A.Ya. Maltsev () The multi-dimensional Hamiltonian Structure: Landau Days 2013 20 / 27



The procedure of averaging of multi-dimensional local field-theoretic
Poisson brackets should be actually modified with respect to the
one-dimensional case.

We assume now that system (1) is Hamiltonian with respect to a local
field-theoretic Poisson bracket

('), &'} = D Bl 1y ex ) 3B =yh) sl (xd -y )

Hyeoslg
(13)
(h,...,l4 > 0), with a local Hamiltonian of the form
H = /PH (@, ©x, Prxs - -+ ) d9x (14)
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Like in the Dubrovin - Novikov procedure we have to require here the
existence of N (equal to the number of parameters (ki, ..., ky, w, n))
first integrals

I /P” (Y, ©x, Pxxs---) dx (15)

such that their values can be chosen as the parameters (U, ..., UN) on
the family A. We assume also that all the integrals /¥ commute with each
other and with the Hamiltonian H

(", 1"y =0 , {I",H} =0 (16)

according to bracket (13). For the time evolution of the densities P”(x)
we can write

Pé‘/(‘paLpX7‘PXX7"') = ;(/l:l((paSOXaLpXX7"')+'”+Q)I:g(()07(’0X7(10XXa--')

with some functions Q*/.
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In fact, we have to put also some additional requirements on the family A
and the set of the integrals /¥. Namely, we have to require that the family
N represents a regular Hamiltonian family of m-phase solutions of system
(1) and the set (/*,..., /") represents a complete Hamiltonian set of
commuting integrals. So, the family A should in fact satisfy the following
requirements:

1) The family A represents a complete regular family of m-phase solutions
of (1) in the sense of Definition 1.1;

2) The corresponding bracket (13) has on A constant number of
annihilators N1, ..., NS with linearly independent variation derivatives

SN /57 (x).
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In the similar way, we have to put also the following requirements on the

set (11,...,IN):

1) The restriction of the functionals (/1,..., /") on the quasiperiodic
solutions of the family A gives a complete set of parameters (U1, ..., UN)
on this family;

2) The Hamiltonian flows generated by (/1,..., /") generate on A linear

phase shifts of 8y with frequencies w”(U), such that
rk [l (V)] = m

3) The linear space generated by the variation derivatives §/¥/5p'(x) on A
contains the variation derivatives of all the annihilators N9 of the bracket
(13), such that

5N’

5/V
Z% )

for some smooth functions 7/,(U) on the family A.

A
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Under the requirements formulated above the set (/1,...,/"N) can be used
for construction of a local field-theoretic Poisson bracket for the regular
Whitham system on a regular Hamiltonian family A of m-phase solutions
of system (1). The corresponding procedure in the absence of the
pseudo-phases can be formulated in the following way:

Let us represent the pairwise Poisson brackets of the densities P¥(x),
P#(y) in the form

P/ PRy = S0 AT (0 me ) S =y L 60 ()

hyeosly

(h,...,lqg >0). According to relations (16) we can also write here the
relations

AL (@ pxs ) = 0 QP pxs ) + o+ Ded QM x5 )

for some functions (Q””“l, e Q”“d).
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Let us say, however, that the averaged Poisson bracket does not have in
general the form (11) for d > 1, which is connected with the fact that the
Hamiltonian structure should be defined now just on the “submanifold” in
the space of functions U(X), given by the constraints kgxe = Kpxa:
a=1,....,m q,p=1,...,d. To define the corresponding Poisson
bracket we have to introduce the coordinates S%(X) (a=1,...,m) on
this submanifold, defined by the relations S, = kg'(X). It is easy to see,
that the spatial derivatives of the functions S%(X) provide just md
coordinates on the family A, connected with the wave numbers of the
solutions. For the rest m + s coordinates we can use just arbitrary
independent values U?, v =1,...,m+ s from the full set U" = (P"),
v=1,...,N on A. The corresponding regular Whitham system on A can
then be written in the absence of pseudo-phases in the form:

S¢ = w*(Sx, UY,...,U™=) | a=1...,m,

U; = (@)1 + ... + <de>xd , y=1....m+s

where (QP) = (Q"P)(Sx, Ut,..., U™s).

A.Ya. Maltsev () The multi-dimensional Hamiltonian Structure: Landau Days 2013 26 / 27



It can be shown then that the Hamiltonian structure of system (17) is
given by the Poisson bracket

{sa(X), sﬁ(v)} ~ 0,
{SX), UV(Y)} = w (Sx, UX(X),..., U™S(X)) 6(X—Y) , (18)
{UV(X), UP(Y)} = (Al o) (Sx, UN(X),..., U™*(X)) dx:1(X=Y) +

+ o+ (AP o) (Sx, UN(X),..., US(X)) dxa(X—Y) +
+ [(Q7P) (Sx, UN(X),...,U™(X))]» 6(X=Y), 7v,p=1,...,m+s

with the Hamiltonian functional

H, = /(PH> (Sx, UY(X),...,U™*(X)) d/X
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