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Introduction and Results

@ Our starting point is Conjecture: Partition function of Liouville Minimal gravity
satisfies Douglas string equation and KdV equations.

o Natural parameters of Liouville gravity are connected to KdV times by special
non-linear relation.

o We found these relations simultaneously with correlation functions, which obey
the conformal selection rules.
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2D quantum gravity

e (g, p) Minimal Liouville Gravity consists of Liouville field ¢(x) and CFT (g, p)
Minimal Model.

o In (q,p) Minimal Liouville Gravity we are interested in evaluating the correlators
of observables Omp

(Omyny - O’"k”k>

where
Om,n = / Om.n(x)d?x, Omn(x) = ®pm ne2bomnd(x)

and &m,n is the gravitational dimension

p+q—|pm—qn|
Omp = —————T Omn~ pmr
2q
@ Instead of the correlators it is convenient to study their generating function

ZV6(3) = (exp(>_ AmnOm,n)) =

m,n

1
- ZO + Z >\m,n<omn> + 5 Z )\ml,nl)\mz,n2<om1n1 om2n2> + ...

@ The generating function possesses a definite mass dimension
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Minimal Models

@ In minimal conformal field theory there are "selection rules”

<¢m,n> = 07 (m7 n) ;é (17 1)7
<¢m1n1¢m2n2> = 07 (m17 nl) ;é (m27 n2)7
mj > min(mj, + mg,2p — m;, — m;; — 4)

D gy Pryy Py ) = 0, _
(P Py Prmyrs) ny > min(n;, + n,2p — nj, — nj; — 4)

for arbitrary permutation (i1, iz, i3) of numbers (1,2, 3).
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Contact terms and resonance relations

@ In local field theory the integrated correlation functions suffer from intrinsic
ambiguity from the contact terms. The integral

/ (Ormy,my (51) - - O (54))

yeees Xk
may pick up contributions from delta like terms in the integrand, when two or
more points x; collide.
@ One may add to the n-point correlation numbers some k-point correlation
numbers. For instance

(Omy.m Omy.my) = {Omy.m Omy.my) + > ATa™(™m) (0, 1y

m,n

Or equivalently

Am,n = Am,n + Z Agn”:%nl)(mzw)Amlnl )\m2n2~

my,ny,m2,n

@ The form of these relations can be further restricted by scaling invariance. Namely
since the fields Op, » and times A n have definite gravitational dimensions

Omyn ~ ™7, A~ = 0mn

then for instance Af,,":,l,"l)(mZ"Z) # 0 only if 6m,n = Smy,ny + Omy,ny-
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Douglas’ String equation

o CONJECTURE: There exists such a change of variables
{Dmnt = {tea} = {tma}, ZMC(N) = Z(t(\)) that Z(t) satisfies the equation

where ug is the appropriate solution of the " String equation”

oPOQ _OPOQ _,

P — X _ X
(P, @} Ox Oy dy Ox

and

q—1 q—1
—a— P k4o
x=t1, Q=y "+ ua()y 7 P=[Qi+> D taQ
a=1

a=1 k=1

(... )+ denotes that non-negative powers of y are taken in the series expansion.
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o Then the function Z(t) has the same scaling properties as ZV (1))

4P 1

z ~y2q(1+§), ZMG @ =y~

1
~

@ The times t)  are related to the times ty ,. One must redefine the sum in H

[pm—gn|

a lpm—aqn|
Z tk,aRest+ 9 = Z tm,nQ q
m,n

k,a

o We establish the explicit form of the relation between Ap, , and tm, , (the
resonance relations) by demanding that the correlation functions satisfy the
fusion rules.
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o From the definition of Z(t) follows that it is the logarithm of the Sato
tau-function. It is convenient to make use of the following representation for it

7_ / cor O oH 8Hd
Oug Ouy

where ug is an appropriate solution of the string equation and

[} |pm—gn|
H=ResQ ™ + 3 tmaResQ 4
dadgd dadpg
Capy = REST’Y, 8o = Res o

ng = Capégpﬁg&y

where ¢, = y9—~1 Q’— y

@ This construction is deeply related to some associative commutative algebra -
WDVYV algebra
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WDVYV algebra is the algebra of polynomials P[y] mod Q'.

o If we take the basis in DVV algebra ¢, = {?T% then

S, Pp = C; &, mod Q

B

@ There is a natural scalar product on this algebra

Db
Ql

@ The constants, appearing in the integral, are related to the structure constants

8ap = (Pa®p) = res

ng — C,f,, g

@ The integral does not depend on the path of integration, since the form

oH oH
Oug Ouy

Q=B

@

du®

is closed. This is true because of two properties:
e b _

1). Associativity: C],C7s = C[fﬂ,Cgé

aan,a _ ) aanl,a

Ovgdvy By Ovs

. . n+<
2). Recursion relation: , where Hp o = resQ" " 4
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Explicit examples: (p,q) = (25 + 1,2)
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@ In this case one has Q = y2 + u and

OH =
P(u) = — = v 4 tous 1 + Z teus k1
ou et

1 [«
Z= 7/ P%(u)du
2 Jo
where u, is the appropriate zero of the polynomial P(u).

o To get the generating function for the correlation numbers one inserts the
resonance relations

t, = )‘k + Ak/.l,ék + B::l )\kly(;k_ékl —+ C:1k2>\k1)\k2#5k—5k1 _5"2 —+ ...

into the partition function and polynomial P(u). The result is of the form

s—1 s—1

1
Z:ZO+Z)\ka+§ Z Aki My Loy + - - -
k=1 ki ko=1
s—1 1 s—1
P=Po+> MNPt = D MghioPlso +---
2
k=1 ki ko=1

Correlation functions in Minimal Liouville Gravity from Douglas string equat



@ Also from the original form of the polynomial P(u) one finds that

Po(u) = ¥ + Apus ™ + Bpus—3 + ..
Pk(u) — usfkfl + Cluusfkffi + D,U,2U57k75 4

u57k17k273+Euu57k17k275+Fu2usfk17k27k377+.“

Pt

@ The dimensions are

K2 2543 2543— Y (ki+2)
Ak~ pz, Z~p 2, Ziy .. ky ™~ M 2

@ As usually in the spirit of the scaling theory, we are interested only in the singular
part of partition function and disregard the regular part as non-universal.
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o After an appropriate renormaliztion, which we do not present, we switch to
dimensionless quantities.

@ One finds one- and two-point correlation numbers

1
Zk:/(; duPy(u) Py (u)

Zies = | P (0P (o) + Po(w)Prye ()

@ The second term in the two point numbers is actually absent since the polynomial
Pk, could be written as linear combination of P.

@ Also it is convenient here to introduce a new variable y instead of u

1 d)
. A
2 2v2(1+y)?
In terms of the variable y the polynomials Py, Py, ... will contain all powers

instead of going with step 2. And the shift was made in order for the interval of
integration be [—1, 1] instead of [0, 1].
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o Fusion rules determine the polynomials Q:

seven | Po(y) = P V) = P D)
s-odd Po(y) = u p( Dy - pO )(y))
:
(s+k)-even Pi(y) = (5 ’k | (y)
(s+k)-0dd Pt = w1
:

where P,(,a’b) is Jacobi polynomial.

@ Due to the relation between Jacobi polynomials ans Legendre polynomials P,

_1
P72 (22 1) = Py(x)
1
P2 (252 1) = Pypia(x)

it is in agreement with the paper A.Belavin, A. Zamolodchikov (2008).
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Two-matrix model and (3s + «, 3) minimal gravity

@ In this case the polynomial Q and the action are

Q=y +uy+v, Hy o := rest+7

s—1 3s+a—2
H(u,v) = Hst10 + > tiHs—i10+ D, teHik—s3—a-
k=0 k=s

@ One takes then an appropriate solution (ux, v«) of the equations

w=0
H, =0

where the lowered indices u, v denote the derivatives over u and v.

@ The free energy for this model is defined as

1
7= 5/(Hﬁ- ng)du—l—/Hqudv

where the integration contour goes from (u,v) = (0,0) to (u, v) = (u«, v«).
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@ A new feature in this case is that for (3s + «,3) MG polynomials depend on two
variables u, v instead of one variable u in the case (2s + 1,2) MG.

@ However it turns out to be possible to find the solution of the string equations
such that

ux (A = 0) = wp, vi(A=0)=0

and it ensures that one point correlation functions turn to zero.

@ This allows to reduce the problem to determination of polynomials depending on
one variable.

o Namely we will show that one the functions either H,(A = 0) or H,(A =0) is
always odd in v and thus turns to zero at v = 0.
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@ Substitute the resonance relations into the action. We get some expression which
could be written as expansion over A\

3s+a—2 3s+a—2
Hu,v:Hou,er )\ka u,v)+ — )\k)\kalkz u,v) 4. ..
(u,v) (u,v) kz::l (wv)+ 3 klzkz::l 1 Ao (u,v)

and dimensional analysis gives
+1 +1
H0 = Z uvm ~ MST+Q6
n,m
. 1 1 . . .
And since u ~ p3,v ~ p2, the parity with respect to v is

HO(u, —v) = (~1)"*H(u,v)
0 0
@ Thus, depending on the values of s and «, either %iu or aaiv is odd function of
v. Consequently, v = 0 is always a solution of string equations at A = 0.

o Similarly a bunch of functions among H*, H¥1%2 .. are odd in v and thus turn to

zero at v = 0. This ensures that only polynomials of one variable u need to be
defined by fusion rules.
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@ The following arguments are similar to those in (2s + 1,2) case.
@ For instance from the fusion rules for one- and two-point correlators

Z(2a-3 0,2(2a—3
(s+a)-even | H) =X (PG - POy
N 2
0,1(4a-3 0,1 (4a—3
(s +a) - odd HY = o1 (P ) - PRIy
2 2
s+a—+k)-even, k<s Hk:X2(a71)p(E%£2ﬂ—3)) Y
u s—k—a
2
s+a-+k)-odd, k<s Hk — y2a—1p 077%540:—3))
v s—k—a—1
sohoaz1
(s+a+k)-even k>s HEk = x2(2— a)p&a))(y)
,Lo—4
(s+a+k)-odd, k>s Hk = x5— zap@a»(y)

where all the polynomials are presented at v = 0, P,(,a‘ ) _are again Jacobi
polynomials and
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3-point functions

o Let us concentrate on the special case when s + o — even and all kK — even. In
this case

ki ko gk
H*H2 H?

1
Zihoks = — (HOY 1 +/0 HoH 2k du +

.
1
+/ (Hlljl H‘/;zk3 + HbQ HblkS + Hzlj3 H,}jlkz)du.
0
0 1< ki, ko, k3 <s—1, k —even (Other cases are treated similarly.)

(we assume that k3 > ki, kp)

Hi ke ks

1
_ ks ykik
Zhikoks = TTHYY s +/0 H? H 2 dx

where prime denotes the derivative over x. Thus to satisfy fusion rules one needs
the following to hold

1 0 if ks < ki+ ko
HRsHkke gy = &7 =
/o . %7 if k3> ki+ ke

This determines (P{>"*) - Jacobi polynomial)

s—kj—kp—ax—2

1 2 2 _
Hike = 2 S™ (6 4 4a — 3)xAe VPN Ty g <521
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Comparison with Minimal Gravity

@ The quantity that doesn’t depend on the normalization of the operators is

(Ziy oy )2 20 _ T lp — kiql
[T, Zkk PP+ a)(p—aq)

where p =3s +a,q = 3.

@ This perfectly agrees with direct calculations in Minimal Liouville gravity.
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4-point correlation numbers

o Direct calculation then gives for even k;

_ 7(0) O]
Zk1k2k3k4 - Zk1k2k3k4 + Zk1k2k3k4

where the first term will reproduce the expression from Minimal gravity and the
second ensure the fusion rules

, Kik;
© Hy Li(H) S M

R WA N T H,

+

x=1

1
+/ dX(HLI;lkZ H53k4 + H51k3 Hffzk" 4 Hblk/l H52k3)
0

1
1
2oty = || S H -+ MR s bR+ MRl - Ok

where prime means the derivative over x. We assume that k1 < ko < k3 < kg

@ 1 < ki, ko, k3, ka < s—1 (Other cases are treated similarly)
The fusion rules demand

1
kikoks pyks _
/ dxH, H* =

{0, ka < ki + ko + k3
0

(0)
_Zk1k2k3k4’ ka > ki + ko + k3
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@ The last determines

s—kj—ky—kz—a—4
2

Hkaks — iz Z Ckxz(a—1)P[(<07%(2a*3))(y)
k=0
where
k= §(6k—|—40¢—3)(2k—|—ik,——s—&—oz—l—2)(2k—ik,-—25—204—12)
4 i=1 i=1

@ A reasonable quantity to evaluate here is again

(Zhykoksks 20)°
Hj}:l Zkiki

@ Using properties of Jacobi polynomials one gets precisely the expression from
minimal gravity.
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Conclusion

o We argued that the partition function of Minimal Liouville Gravity indeed satisfies
to the KdV and Douglas String equations.
@ These equations together with the selection rules can be solved inspite of

overdetermination of the constraints and obtained correlators agree with the
results available in literature, computed by direct calculations.

@ We obtain the resonance relations between KdV and Liouville observables in
terms of Jacobi orthogonal polynomials.
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