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Introduction. 

Electronic structure of vortex cores. Quasiclassical picture.

Beyond the quasiclassical description. 

Outline

Thermal transport along vortex lines.

Interplay of normal and Andreev reflection for 

quasiparticles in vortex cores.

Quantized electron-hole levels inside the vortex core.

Zero energy modes.

Majorana states.



Vortex state of superconductors

Vortex lineVortex line

supercurrent

B

θ

r

z
ΨΨ−Ψ=Ψ









Φ
+∇− 2

2

0

2 ||)(
2

)( rA
i

T
rrπ

ξ

ξ- Coherence length (core radius)

phenomenological theory of the 

mixed state

Bound Bound fermionicfermionic states in vortex corestates in vortex core
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Superconducting gap 
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STM vortex images

NbSe2

YBCO

360 nm

PRL, 75, 2754 (1995)PRL, 101, 166407 (2008)



Electrons inside the coreElectrons inside the core
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Convenient parametrization of a 

classical trajectory:

1. Orbital momentum

2. Trajectory orientation 
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Zero energy modes: generic problem

Impact parameter=0
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C.Caroli, P.G.de Gennes, J.Matricon (1964)

Bound Bound quasiparticlequasiparticle statesstates..
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Anomalous spectral branch. Why is it important?Anomalous spectral branch. Why is it important?
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Strong dependence on the mean free path. Strong dependence on the mean free path. 

Difference between clean and dirty systemsDifference between clean and dirty systems

Fermi levelFermi level

Local DOSLocal DOS Thermal Thermal 

transporttransport
Vortex Vortex 

dynamicsdynamics
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Reference STM images of vortex cores.



Electronic structure of vortex cores beyond 

quasiclassical approach.

Are the nonquasiclassical effects important?

Quantization of spectrum. Minigap.

Quasiparticle transport along the vortex lines. 

Group velocity of the CdGM states.

Normal scattering of quasiparticles inside the vortex cores.

Tunneling of quasiparticles between vortices.

Zero energy modes. Majorana states.



Precession of classical trajectoryPrecession of classical trajectory

Deviation from exact 

backscattering during 

Andreev reflection in the 

core
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sV

ω
µ

εθ
−=

∂

∂
=

∂

∂

t

p
h Precession 

frequency

ω−

pθ

⊥V

Vs
p ~δθ

FV
t

ξ
δ ~

hh

ω

ξξξδ

δθ
~~~~ 0

⊥⊥⊥

∆

kk

kV

V

VV

t

FsFsp

ip =]ˆ,[ µθ

)(2)(

2

0

βπθθµ
θπ

+=∫ nd p

n

p

BohrBohr--SommerfeldSommerfeld quantization rulequantization rule



Spectrum Spectrum vsvs the momentum projection on the vortex axisthe momentum projection on the vortex axis
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Thermal transport along vortex linesThermal transport along vortex lines

Landauer 

approach

Nonquasiclassical 

trajectory drift Group velocity along 

vortex axis

Number of transverse 

modes
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Andreev reflection suppresses the 

effective number of transport modesCan we consider

vortices as N wires?
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Heat transport along vortices. Heat transport along vortices. LandauerLandauer

approach.approach.
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Impurity scattering. Standard diffusion.
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Thermal conductance

Diffusive limit. 

Qualitative picture for
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Larkin, Ovchinnikov 1998; Koulakov, Larkin 1999 …..

Vortex core

Quasiparticle spectrum in a vortex with Quasiparticle spectrum in a vortex with 

an impurity atom in the core an impurity atom in the core 

a

Influence of scattering at boundaries and defects on the spectrum of localized Influence of scattering at boundaries and defects on the spectrum of localized 

core states?core states?

Scattering centerScattering center

Vortex core

Examples illustrating the transformation of anomalous branches caused Examples illustrating the transformation of anomalous branches caused 

by the normal reflection at the boundaries: by the normal reflection at the boundaries: 

Vortex near the plane surfaceVortex is close to the 

cylinder center

Vortex pinned by a columnar defect 



Examples illustrating the transformation of anomalous branches caused Examples illustrating the transformation of anomalous branches caused 

by the normal reflection at the boundaries: by the normal reflection at the boundaries: 

vortex Image 

DOS peakVortex in a disc

antivortex

Odd 

solutions
Vortex pinned by a cavity



Spectrum 

oscillations
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Vortex in a cylinder: splitting of anomalous spectral branch
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• Strong increase in the number of transverse 

modes.

• Suppression of the minigap.



Differential tunneling conductance

Vortex in a disc

r0≈0.1

ξ
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Local DOS for a vortex positioned near the surface

d=ξ d=0.75

ξ

LDOS peak is shifted towards the boundary

Several boundaries:  splitting of LDOS peak becomes possible
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IntervortexIntervortex tunneling.tunneling.

Critical Critical intervortexintervortex distancedistance::

minigapminigap = = energy level splitting due to tunnelingenergy level splitting due to tunneling
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cij aa > cij aa <
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IntervortexIntervortex

tunneling is tunneling is 

negligible.negligible.

Degenerate Degenerate 

CdGMCdGM

spectrum.spectrum.

Vortices are strongly coupled Vortices are strongly coupled 

by tunneling.by tunneling.

Vortex cluster in a disordered flux line arrayVortex cluster in a disordered flux line array::

Spectrum is similar to the one in mSpectrum is similar to the one in m--quanta vortexquanta vortex

Cluster size~Cluster size~ cyclotron orbit radius.cyclotron orbit radius.

Can we restore Landau quantizationCan we restore Landau quantization??
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FermionicFermionic zero modes. zero modes. MajoranaMajorana states.states.
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FermionicFermionic zero modes. zero modes. MajoranaMajorana states.states.

ε ε
Singlet pairing Triplet pairing

γγ =+γγ ≠+

Obvious contradiction:Obvious contradiction:

We can not change statistics using We can not change statistics using 

canonical canonical BogolubovBogolubov tranformationtranformation

1=+ ++ γγγγ

0=+γγγγ

MajoranaMajorana fermions fermions 

(not fermions at all)(not fermions at all)

Standard fermions Standard fermions 

(with usual (with usual 

commutation rules)commutation rules)



A standard way to overcome the problem:A standard way to overcome the problem:

We introduce 2 We introduce 2 MajoranaMajorana fermionsfermions

Far away from each otherFar away from each other

ε

Examples: vortices in pExamples: vortices in p--wave superconductors (wave superconductors (G.E.VolovikG.E.Volovik, 1997), 1997)

Edge states (Edge states (KitaevKitaev 1D p1D p--wave superconductor)wave superconductor)

Systems with induced superconductivity Systems with induced superconductivity 

ξ>>r



Self Self –– consistency equation for the gap functionconsistency equation for the gap function
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contribution to the odd gap functioncontribution to the odd gap function



Nonzero divergence of Nonzero divergence of supercurrentsupercurrent!!
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Example of instability scenario:Example of instability scenario:

Vortex attraction in pVortex attraction in p--wave superconductorswave superconductors
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Paramagnetic Meissner effect and the FFLO instability
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Vortex attraction in pVortex attraction in p--

wave superconductorswave superconductors
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Instability of Instability of 

MajoranaMajorana

fermionsfermions

OddOdd--frequency frequency 

pairingpairing

Spontaneous Spontaneous 

vortex statevortex state

superconducting statesuperconducting state

Paramagnetic Paramagnetic 

MeissnerMeissner relationrelation

Y.Tanaka, A.Golubov,

Y.Asano et al



CONCLUSION

Nonquasiclassical effects are small but can be 

important for

thermal transport

level quantization

interplay of normal and Andreev scattering

Majorana states indicate the system instability



Induced superconductivity in graphene, topological insulators

Graphene spectrum Superconductor – graphene junction

Dirac – Bogolubov – de Gennes equations.



superconductor

Thin film of normal metal

Isolating 

barrier



Induced superconducting gap

superconductor

2D layer
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Different models of tunneling

Coherent tunneling

(conservation of quasiparticle 

momentum)

Incoherent tunneling

(no conservation of 

quasiparticle momentum)

Quasiclassical Green’s function 

averaged over trajectories

Tunneling rate
3D Fermi surface

Projection of

2D Fermi surface



Vortex states in a system with induced superconducting order.

Multiple vortex core.
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