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Let we have some associative algebra, commuting elements Ay, ..., A,, A7,
..., A 1 (=1 is just a notation at the moment) belonging to this algebra. For an
arbitrary element B of this algebra we introduce

Sp(Ar,..., Ay) = A A, BAT AT (A —A)+(A— A, A, BA teycle(l, ... n),

Because of commutativity of the set Ay, ..., A,, Al_l, ..., A 1 and associativity of
the algebra we get that

Sp(A;, As) =0, Sp(Ay, Ag, A3.Ay) = Sp(Ay, As, As) + Sp(Ar, As, Ay),

and so on for larger n. Now, assuming that associative algebra has unity and A; L
is inverse of A; we get that also

Sp(Ay, Ay, A3) = AJA,BAT AN (A, — A)) + (A, — A)A,BAT +
+ cycle(1,2,3) =0

again for any set of commuting elements A;, Ao, A3 and any element B. Then all
Sp(Ay, ..., A,) with n > 3 also equal to zero consequently.



Let us denote

B(m) = B(my, mo,m3) = (H(A — an)m”> B (H(A — an)m”> :

n=1
and let
BW(m) = B(my +1,ms,ms), BZ(m)= B(my,my+1,ms), ...,
Bi(m) = BY(m) — B(m).
Then the identity means that function B(m) obeys difference equation

BY(A; — Ay) + (A; — A3) B®) + cycle(1,2,3) = 0

Let B operator in V ®@ W, A operator in V', and a1, as, az be commuting operators
in W. Choosing
AZ':A@I—]@CLZ', ’i:1,2,3,

Then
B"(a; — ay) + (ay — az) B®) + cycle(1,2,3) = 0,

or
Bis(ay — as) + [a; — ag, B3] + cycle = 0,



Let we have (infinite) matrix F = {F,n}tmnez. Any such matrix can be
written in the form F = > . f, T", where f, are diagonal matrices f,, =
diag{ Fnm+ntmez and T is operator of shift: T, = 41, For any diagonal
matrix f = diag{f,} we have that (T f 7T D = fn_16m. Product of two
matrices can be written in the form FG =%, f, (3, 7" " gn T ") T"

Let us perform “shifted” Fourier transform: F((, ') = > ¢mme—m F

m,m!'€Z

where [C],[("] = 1. Or F(¢,¢") = >, 02, ¢ (fu)m) (", Next we formally

continue this kernels in the complex domain with respect to ¢”:
F((.¢) — F(Gz), 2(eC, [(|=1

Below we realize elements of the associative algebra as such functions (distributions)
with composition law

(FG)G2) = 4

a6 )

that in the matrix case is equivalent to the standard product of matrices.



For the unity matrix I we get

and for the shift operator T

T(Ca Z) — Zéc(C)
If F((;2) = f(2)0.(¢) then similarity transformation of an arbitrary operator G

FC) gy
) o)

All standard operations on matrices can be reformulated in terms of their kernels.

has kernel

(FGF™)(¢2) =

Say, kernel of Hermitian conjugation of F' equals:

F'(¢2) = F(G: ¢/2).

But there appears a new operation:

(OF)(G; 2) =

that is essential for the following construction.

OF((, 2)
oz '




Function B(m) can be considered as function of two “space” variables (say, mq
and ms) and one “time” variable (correspondingly, mg) with evolution given by
the Hirota equation. We realize elements A and B(m) of an associative algebra as
extended operators in the above sense with kernels A((; z) and B((; z), that are
operators in the auxiliary space W. We impose condition that

B(my, mg, m3; (1, G2 2) = (G * B(mg; 1, (s 2)

This gives two conditions:
BY = (A—a)B(A—a)) ' =T,BT', BY = (A—ay)B(A—ay) ' = T,BT; !
This means that we can choose A =11 +a;, ie. A((;2) = (24 a1)d.(¢). Now
the second condition takes the form

B® =T,BTy ' = (Ti + a12) B(Th + ar2) ™, an = a1 — as.

i.e., there exists operator Ly = Ty — T} + (as — a;)I such that LyB = Ty BT, ' Ly,
or T2B<T1 + CL12> = (T1 + CL12)BT2. As well BB = (T1 + CL13)B(T1 + alg)_l. If
B((; z) is a matrix in the space W, and a; are diagonal matrices in this space, then
above relation means that [2(¢1 — (2) + a12; — (a2, B;;(¢; 2) = 0, or that there
exists representation B;;((; z) = b;;(C)d(2(¢1 — C2) + @12 — (aa12,5).



We introduce operator v with kernel v((; z) = v((; z1) as solution of the following

d-bar problem:
Ov =vB, lim v(¢; 2) = 6.(¢)

Z—00
and assume its unique solvability. The m-dependence is introduced by Ov(m) =
v(m)B(m). In particular, 0,0V = vWT, BT or 0,(v\WT)) = (vWWT))B. Let
us specify the 1/z1-term of expansion of v((, z) at infinity:

u(m.¢)

21

v(m, (;2) = 0.(¢) +

Then lim,, v = 7y + 4. Then v = leT_ and uV) = T1UT1_1 (the
r.h.s. is independent of z). In analogy: 01(v?(T, + a)) = (VW (T} + a12))B and
then

V(T 4 ap) = (T1 + app +u® —uW).

In the same way we derive (T} + a13) = (11 + a3 +u® — V).



We introduce:
d m1—1 d mo—1
R

mi, Mo, M3, 2) = , ,
X( b 7, T ) % 2T ™
C1]=1 |Co|=1

and p(m, z) = x(m, z)E(m, z), where E(m, z) = 2"(z4+a12)"2(z+a13)™3. Then
from above we get:

90(2) _ 90(1) T (u(z) — W + a12)907
90(3) _ 90(2) i (u(3) —u® 4 a23)907
SO(D _ ¢(3) + (u(l) —u® 4 a31)90,
so the Lax pair is any two of these equations. Compatibility condition gives:
u(12)(u(2) — a19) + ar2u® + cycle = 0

that is Hirota difference equation in noncommutative case. It is obvious nonlin-
earization of the original identity

B(12)CL12 + CL12B(3) + cycle = 0.



Let us denote
v(m) = u(m) — mia; — moas — mgas,

then all a; are excluded from the equation and Lax pair:
90(2) _ 90(1) n (U(Q) _ v(l))gp,
90(3) _ 90(2) n (U(3) _ v(2))g0,
90(1) _ 90(3) 4+ (U(l) _ v(B))gp,

and
v12)(p® — W) 4 eyele(1,2,3) = 0,

while condition on asymptotics is essential (u(m) is decaying).



Limiting cases. If we substitute a; — xa;, where x is c-number, we get
1
B(k)—ak[B——B ]akl—i—..., T — 00
x

where 0, = [Aa; ', ).
Limit a3 — oco. Let k = 3. Then 1/z term gives identity
B"ayy + a3(B® — BW),, 4+ a;BY — a;B?+
+ CL3B( )ag ay — CL3B( )aglal + CL12G3BCL§1 = 0.
Thus,
BY =T7,BTy', BY = (T, +ap)B(Ty + apn)™', B, =[(T\ +a)az’, B,

so that d(vy, + v(Ty + ar)az?) = (v, + v(Ty + aj)az')B. Thus again taking
asymptotic into account we derive: vy, +v(17 +a1)a; I — as T+ asuas L4
a,)v. Finally for w(my, ma, t3) = u(my, mao,t3) — mia; — moas we get Lax pair
and evolution equation

¢t3 — w(l) - wlwa
P =W 4 (wy — wy )y,

(’LUQ — wl)t3 + ’wlg(’wg — ’LUl) + [wl, ’LUQ] = 0.



Limit ay — oo. The identity takes the form:

(GQB%_l - a3Ba3_1)(1)a1 + (a2By, — a3Bt3)(1)_

— a2a33t2a3_1 + agagBt3a2_1 — alagBagl + alagBagl =0,
that is antisymmetric with respect to indexes 2 and 3. Now we have
BY =T,BT, By, =[T1+a)ay’,B], By =T +a)as", B
Substitution: v(my, to, t3) = u(my, ta, t3) — mya, Lax pair

ay, = P + [awa™ — w]ep,
oy = W + o7 wa — w)y,

and equation:

1 -1

(wa — ozw(l))t2 — (wa™" = a_lw(l))t3 + [wa — awV, wa™t — a twW] = 0.

where a and « are constant, mutually commuting matrices.



Limit a; — oo. Limiting identity reads as
10y, (asBay ' — agBaz ™) + cycle = 0.
we get that the Lax pair is any two equations of the system
a1y, = as iy, +Haruay ' — aguay’) @,

—1 —1
a2 gth = as gotg +(a’2ua2 T a3ua3 ) QO,

as Sptg = ap Sotl —|—(CL3UCL3_1 o a’lua’l_l) ¥,
and equation of compatibility is

aq (ag,uag_1 — aguagl)

ot agaguaglag_l(aguag_l — aguagl) + cycle(1,2,3) = 0.



Limits of equal a;. We write a; = a; + xb;;, where b;; is some operator
(commuting with all a;) and x is a parameter, x — 0. Then

(A—aj)B(A—a;)" — (A - a;)(B — z[b;j(A — a;)" ', B] + o(z))(A— a;) !,

that means that we can introduce, say, t;; by means of 9y, B = [b;;j(A — a;)~", B].
Then |
BY) — B a:Bt(;? + o(x).

Limit a3 — aq. Identity in the first order on x gives

B(12)a12 _ ath(gl) _ (B(12) _ B(ll))b3 + by (B(Q) _ B(l)) =0,

t3
where
BY =T,BTy', BY = (T, +a10)B(Ty + aw)', By, = 377", Bl.
Introducing v(mq, ma, t3) = u(my, ma, t3) — aymi — asme + bsts we get finally

' = ) +(vg — v1) g,
Sptg — Utg 90(_1) :

and equation:
(0@ — oMWy M 4,12 ,@) 1y = g,



Limit ay — a;. We set now as = a; + xby and consider limit x — 0. Identity
takes the form
1 1
(BWby — b3B), = (BWb, — b2B),,

1 N 1
B(Tn17 tQ, tg) — T17nl€(t2b2+t3()3)T1 BTl mie (tobo+t3b3)T]

We introduce v(maq,to,t3) = wu(my,to, t3) — aymy + boty + bsts, Lax pair and
equation:

)



Limit a3 — oo and ay — a;. Noncummutative Toda chain. Identity:
BWp, + a3 By, — baB — a1 By, + a3Br,a3 a1 —
— agBaz by + byasB T Vaz! = 0.
Correspondingly,
BY =T\BT{', B, =T B], B,=][T +a)a’, B
Lax pair and equation:

¢t2 - wt2¢(_1)7
iy, = P —wiep,

Wiyty + WiW_1 + Wiwy, = 0,

where asymptotically w(my, to,t3) — —miaia; Ly baas t5. In the commutative
case Wy, = bga§16¢—1, and @, = a1a§1(6_¢1 — e¢—1).



