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Electronic properties

Figure 1 (Color online} Graphene (top left) 15 a honeyoomb
lattice of carbon atoms. Graphite (top right) can be viewed
a stack of graphene layers. Carbon nanotubes are rolled-
up cylinders of graphene (bottom left). Fullerenes (Can) are
molecules consisting of wrapped graphene by the introdoc-
tion of pentagons on the hexagonal lattice | Castro Neto ef al.,

2006a ).

Normal properties: Novoselov et al., Nature (2005)



Electronic structure in the normal state

’ . / k' . .
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*-----—- g (a (b) K=_-K
Tight-binding Hamiltonian
H=—tY" [w;(a, R,) U, (0, R;) + Ul (0, R;)Ws (0, Ri)]
1,7,0
_¢ T . . t . ,
> [\Ill(a, R,) U, (0, R;) + Uh(o, R;)Us (0, R;) + h.c.]

Z?]7U

Ul(o,R;) creates a particle with spin o at a site R; of the sublattice 2
U, (0, R;) annihilates a particle with spin o at a site R; of the sublattice 1.
The first sum runs over the nearest neighbor sites in different sublattices

RJ:RfL—F(Sn , 7?,:1,2,3

The second sum is over the next-nearest neighbors in the same sublattices.



Spectrum near the Dirac points

| E=E,| =v3rym|k=k| (4.1)

Wallace (1947)

McClure (1957),
Slonczewski and Weiss (1958)

Review: Castro Neto et al., Rev. Mod. Phys. v.81,109 (2009); arXiv:0709.1163



Near the corner points

+K in the Brillouin zone, |k| < a™!

U, (R, [ei(K—i—k).Ri\I}l(k) 1 ei(—K+k).Ri@1(k)}

1
- kY
H = or (W06 D)) — ¥ (@0)(6" - B, v = 3at/2
o= ( Vi) gt (\111 , \If;) P =—ihV

Schrodinger equations

Near K Near — K

A

vr(6 - )0(r) = B¥(r) —vp(6" p)U(r) = EV(r)

\ifl — —\IIQ and \TJQ — \111.

E =+vpp




Superconducting state
A ~
A hole excitation U at K = W for the excitation at —K,
-\ gy h _ gh
vp(o - p)Vk(r) = EVg(r)
Energy of particles and holes is measured from chemical potential p,
E=pu+e
vr(o - P)Vi(r) = (b +€) Vi (r)
vr(o - )UK (r) = (u— € Uk (r)

In the presence of magnetic field,

vpo - (b= SA) Ui (r) = (1 + )V (v)
vpo - (B+ A ) e (r) = (1 — ) (r)

The Bogoliubov—de Gennes equations
Vg6 (—iV - SA) i+ Ab = (E + p)i
s €\ - fo s
VEO - (ZV—EA)U—i—A u=(F— u)v

Uchoa, et al. (2005); Beenakker, Rev. Mod. Phys. (2008)



* Induced superconductivity 220 [
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Sato et al. Physica E (2008) 160 oV
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e e Fig. 2. The zero-hias resistance\of sample A as a function of temperature.

The resistance at Fy= —T, 15, OV is indicated by filled symbols
Fig. 1. {a) A scanning electron micrograph of sample & (b) A schematic and that at ¥, =35, TOV is indifated by open symhoks. The inset shows
side view of the samples. The gray region indicates the graphene layers the gate-voltage dependence of \he normal-state resistance. At V, =
(thickness ~4).5—1 nm) in which the carrier concentration is expected to e Vi % 15V, the normakstate resistdpee takes the maximum value.
modulated by the gate voliage.

Induced SC transition
in graphene

* Intrinsic superconductivity
Order parameter A = VZ/ [<\If}1ﬂl(k) TT(k)> + <‘1’ng(1{) ST(k)>]
k

Various mechanisms of pairing

Phonon, Plasmon: Uchoa, Castro Neto (2007),
RVB: Black-Schaffer, Doniack (2007),
Phonons+edge states: Sasaki et al (2007)

Hubbard model: Zhao, Paramekanti (2006)



Normal-state spectrum

Ep = Epo + p.

(a)
Undoped Electron doped Hole doped

Electron spectrum
{p = Top — p

for spin states parallel and aniparallel to the momentum
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Model description of SC
K & Sonin, PRL (2008)

Current carrying state
A = AT | ks = Vy
u(r) = upeip‘F'r/h , v(r) = ’Upeip—'r/h , P+ = p*thks/2
BdG equations
{pup + Avp = Epup
A L AX,., —— 0 .,
SpUp T & Up = LpUp

For ks < &5 ~ Ag/v within the first-order terms in - vks

1 Ep 1 &p
R S = |1 - ==

0
Ep = Ep+ESY , B = /& 4+ A2, ¢ = +vpp—p
Doppler energy

By — Lolls _ | Twe(p-k,)

T dp 2 2p




Current

¢
PE | up|2n(Ep) —

j:2€z

p

0
2 upfP11 (5]

Linear response for small Ep < Ag

. d?p 9&p (0&p 9 €p (0)
= -k 1 —-2n(E
I e (ap ) 6p @ 2]
d’p O&p 0)
2D density . e|A|ks/\ w T
1= "4 " \ar ol
 Zero temperature
2
A(z,0) =2 4+ —= _
\/:132 -+ 12 72 +1

O Zero doping

T A

A| 2T T — 0

Current is finite at T=0 As distinct from: Uchoa, Cabrera, & Castro Neto (2005)



Uchoa, Cabrera, & Castro Neto (PRB, 2005)
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FIG. 16. London kernel dependence with temperature in the
cone approximation (g/g,=1.1). Plots for 0=<|u|/@=0.16, from
the bottom to the top, in fixed intervals of 0.02. Q(0)—Q(4,) in
units of egvfﬂ.-"(zra‘vﬂr:}. (In our case o = §,,,, va = 'Up')

J=QA
A—>A—Ek
2e

Q= [Q.L(A)—Q.L(0)]

0 _lletvr

d TUaC

0,(A;)—0,(0)

Current vanishes for y—0



Supercurrent at T<<A

0 §
) > p
J = ev n (Il . ks)
zp: O¢p | 25"
Usual 3D case / Total number of electrons
i — eVFv2k3 /00 d |A|2 _ Neks — Nev.,
3 Jo (2414232 2m

Dirac point, zero doping /
j N/ A

. ekg [ A2 _e|Alks
1= 47T/0 @dg (£2+|A2)3/2 4n

Supercurrent is finite despite the zero DOS at & — 0
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Microscopic description of the current-carrying state

A

Up =

BdG equations

Supercurrent

— uez(p+k/2) @p _ @ei(p—k/Q)-r : A = ‘A|eik-r

vpo - (p+k/2)u+ Av = (E+ p)a
—vpo - (p—k/2)0+ A"a = (E — p)v .

Jj = 2evp Z [?l;[),a&ap,afp,a - ﬁ;,aa‘@a(l - fp,a)] :
pP,x

j=—evp Y [af \Elpa+0f ,60a] (1 —2fpa)

b i= [ 22, licp) + i-xc(P)

Brillouin zone

/i\ /l\ jK(p) = —evfr Z Uy, aa'up o 2f13704]
|

(c) j_K(p) = —evfp Z Up, aa-vp @ 2fp,04]

Extended zone scheme



Zero-current ground state

Define spinors that satisfy
(6 - p)ér,, = +pay,
The states with pseudospin parallel and anti-parallel to the momentum

Pz —ipy P=—ipy
1 P . 1 P

w=p\ Jjmm | A= B\ e
» P

The spinors @; and &, are eigenstates of excitations in the normal graphene.

We introduce vectors in the Nambu space,

o

< B

) Lot = (@, 01) ) v = bap



Eigen-states for zero current

For 1 spin

B0 = +5; , By = \orp— @ T IAP

iy — ( " )&TB’:""' ) = ( W )&Te‘p"’
?j{(]) vy ’ ﬁéo) —uy

For | spin

E{) =+E| , E, = /(urp + p)? + [A]?

iy — ( " )ﬁleip" i) =( '”l )ﬁLe"p"'.
50 vy '\ o —u|

1 YFP — [k 1 VFp — [t
ur = —=4 /1 , Yp=—F7=4f1— )
! ﬁ\/ TR ' \/f\/ Et

1 vpp + 1 YFp+ B
ulzji\/l_ E, vl=7§\/1+ E,




Current-carrying state

Spectrum

(B2 — i2)? 2l AR(E? — 22) + |Al* + 2/APvEp,p-
—(E + p)*vip? — (E — p)*vip3 +0Epip

where pL = p + k/2.

Two limiting cases

@ UFk <L W
E. = Ec(xO) + E&l)
B\ = ~E{}) = Ep , Ep =vrp(p-k)/2p
Doppler-shifted energies

B3 = AP + 0307 + K2/4) £ \/|AP02R2 + vh(p - k)?
No Doppler shift

Degenerate state, B2 = E2 fork =0



Linear response, vpk < U

UF w( )+( k) ((XO)
25— 5

0 *
Yo =00+ Bagty , Bag . Bpa = — B

B7a
Bi2a = By1 = B34 = By3 =0
iv x K| - z) (ujur +vivy)
By = = —rB XM 0 (W F0fu)
p by — k)
i x k| - z) (ufvy —viuy)
o _ . ferllpx K 2) (e —viu)
2p ET + El

Supercurrent

= —eor 3 [a0T6a® + 01600 [1 - 2£(BQ) + ED)]

~2evpRe Y Bag [a0ea) + o010 | [1-2/(ED)] .
aZB,p

Correction to the supercurrent diverges because it extends over the entire BZ



Regularization of the divergence

The current-carrying state

~  _ ~ i(pt+k/2)r o~ _ ~ i(p—k/2)r
iy = QPTG iR/

contains contributions from the overall momentum shift in the BZ.

*

Since vk (p) = u* i (—p), a homogeneous shift by k gives p’ — p’ + k and

uk(p) — uk (P + k), u—x(—p) = u—x(—p + k)

Therefore,
uk (p) — uk(p + k), vk(p) = vk(p — k)



Making shift of integration variable over the BZ p = p’ — k/2 in the zero-
order current

50 = [ [ /2 + 5%+ 2]

[ 0+ 1% - (e 2) i)

Here J( )(p )+,](_Ol)<(p) = 0. As a result

10 =~ [ Gl 105 @)

— E E
j%g)(p) = —evp [UFp P tanh —L 4 YD e tanh —l] b
p

E 2T E, 2T
2
.(0) ‘ o1 BT P o P
jk ' (p) N evp [ + 20%]92 » — eva
and
(015 p)|  — —2evr(p k)

The same result is obtained if one subtracts the normal current



For T' = ( the supercurrent becomes

k A2 2 A2
o o [ A (TP

Al

e For u> |A
i =e|plk/2m

e For u < |A
j=c|lAlk/m

. elAlk 7
1= (i)

WA

This result formally holds within the linear approximation which assumes
vpk < p. Therefore, one has to put & — 0 first and then assume p < |A|.



What if p < vpk ?

The spectrum for = 0:

E2 = |A]? +vA(p® + k2/4) + /| A202 K2 + vh(p - k)2

No Doppler energy

The zero-current state is degenerate:

Ey=FE =Ey= \/v%pz + |A|?

E,=FEs=Fy, By = E4 = —Ej

Requires a special consideration

One can show that the linear-response results vpk < |A|
holds irrespectively of the relation between vpk and pu.



Conclusions

1 No qualitative difference between the critical temperature,
superconducting gap and supercurrent obtained for the
simple model and for the two-valley BdG-Dirac description

e Slightly different parametric dependence of supercurrent

® The u >> |A| result gives 2 times larger current than in the simple model due
to two times larger number of cones.

e However, the ¢ <« |A| limit gives 4 times larger current. This is due to more
subtle differences originating from interference of four ground states.

O The supercurrent is finite at any doping level as long as
superconductivity exists



